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Abstract. Program slicing can be used to reduce a given initial program to a smaller one (a slice) that
preserves the behavior of the initial program with respect to a chosen criterion. Verification and validation
(V&V) of software can become easier on slices, but require particular care in the presence of errors or non-
termination in order to avoid unsound results or a poor level of code reduction in slices with respect to the
initial program.

This article proposes a theoretical foundation for conducting V&V activities on a slice instead of the
initial program. We introduce the notion of relaxed slicing that is still capable of producing small slices, even
in the presence of errors or non-termination, and establish an appropriate soundness property. It allows us
to give a precise interpretation of verification results (absence or presence of errors) obtained for a slice in
terms of the initial program. The implementation of these results in the Coq proof assistant is presented and
some of its difficult points are discussed.
Keywords: Program slicing, Trajectory-based semantics, Verification, Run-time errors, Non-terminating
loops, Coq formalization

1. Introduction

Context. Program slicing was initially introduced by Weiser [Wei81, Wei82] as a technique allowing to
transform a given program into a simpler one, called a program slice, by analyzing its control and data
flow. In the classic definition, a (program) slice is an executable program subset of the initial program whose
behavior must be identical to a specified subset of the initial program’s behavior. This specified behavior that
should be preserved in the slice is called the slicing criterion. A common slicing criterion is a program point
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l. We prefer this simple formulation to another criterion pl, V q where a set of variables V is also specified.
Informally speaking, program slicing with respect to the criterion l should guarantee that any variable v at
program point l takes the same value in the slice and in the original program.

Since Weiser’s original work, many researchers have studied foundations of program slicing (e.g. [Amt08,
BH93, BBD`10, BDG`06, CF89, DBH`11, HRB88, RAB`07, RY89, RY88]). Numerous applications of
slicing have been proposed, in particular, to program understanding, software maintenance, debugging,
program integration and software metrics. Comprehensive surveys on program slicing can be found e.g. in
[BH04, Sil12, Tip95, XQZ`05]. In recent classifications of program slicing, Weiser’s original approach is called
static backward slicing since it simplifies the program statically, for all possible executions at the same time,
and traverses it backwards from the slicing criterion in order to keep those statements that can influence this
criterion. Static backward slicing based on control and data dependencies is also the purpose of this work.

Goals and approach. Verification and Validation (V&V) can become easier on simpler programs after
“cutting off irrelevant branches” [CKGJ12, GTXT11, HD95, KKPP15]. Our main goal is to address the
following research question:

(RQ) How can we soundly conduct V&V activities on slices instead of the initial program? In particular,
if there are no errors in a program slice, what can be said about the initial program? And if an error is
found in a program slice, does it necessarily occur in the initial program?

We consider errors determined by the current program state such as runtime errors (that can either
interrupt the program or lead to an undefined behavior). We also consider a realistic setting of programs
with potentially non-terminating loops, even if this non-termination is unintended. So we assume neither
that all loops terminate, nor that all loops do not terminate, nor that we have a preliminary knowledge of
which loops terminate and which loops do not.

Dealing with potential runtime errors and non-terminating loops is very important for realistic programs
since their presence cannot be a priori excluded, especially during V&V activities. Although quite different
at first glance, both situations have a common point: they can in some sense interrupt normal execution
of the program preventing the following statements from being executed. Therefore, slicing away (that is,
removing) potentially erroneous or non-terminating sub-programs from the slice can have an impact on
soundness of program slicing.

While some aspects of (RQ) were discussed in previous papers, none of them provided a complete formal
answer in the considered general setting (as we argue in Sec. 3 and 8 below). To satisfy the traditional
soundness property, program slicing would require to consider additional dependencies of each statement on
previous loops and error-prone statements. That would lead to larger slices, where we would systematically
preserve all potentially erroneous or non-terminating statements executed before the slicing criterion. Such
slices would have a very limited benefit for our purpose of performing V&V on slices instead of the initial
program.

This work proposes relaxed slicing, a slicing technique where additional dependencies on previously exe-
cuted (potentially) erroneous or non-terminating statements are not required. This approach leads to smaller
slices, but needs a new soundness property. We state and prove a suitable soundness property using a
trajectory-based semantics and show how this result can justify V&V on slices by characterizing possible
verification results on slices in terms of the initial program.

Relaxed slicing, its soundness property, and the justification of its use in V&V have been formalized in
the Coq proof assistant [BC04] for a language representative for our purpose. The formalization is available
in [Léc16]. One key difficulty of this formalization is related to data dependence whose definition does not
follow the structure of the program. It significantly complicates proofs by induction. Our solution proposes
to reformulate the dependence relations in an executable form suitable for the computation of a slice. We
prove that it is equivalent to the original definitions. We present the reformulations and some aspects of
the Coq development. A certified implementation of relaxed slicing is automatically extracted from the Coq
formalization.

The contributions of this work include:

‚ a comprehensive analysis of issues arising for V&V on classic slices;
‚ the notion of relaxed slicing (Def. 5.6) for structured programs with possible errors and non-termination,
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control

data

1 : q = 0;

2 : r = a;

3 : while (b <= r) {

4 : q = q + 1;

5 : r = r - b;

}

6 : if (r != 0) {

7 : res = 0;

} else {

8 : res = 1;

}

p1

p2

(a) Original program

2 : r = a;

3 : while (b <= r) {

5 : r = r - b;

}

6 : if (r != 0) {

} else {

8 : res = 1;

}

(b) Slice w.r.t. line 8

Fig. 1. A simple program deciding if b divides a (for b ą 0 and a ě 0) and its slice w.r.t. line 8

which keeps fewer statements than it would be necessary to satisfy the classic soundness property of
slicing;

‚ a new soundness property for relaxed slicing (Th. 5.1);
‚ a characterization of verification results, such as absence or presence of errors, obtained for a relaxed

slice, in terms of the initial program, that constitutes a theoretical foundation for conducting V&V on
slices (Th. 6.1, 6.2);

‚ a reformulation of the dependence relations, a description of the formalization and proof of our results
in Coq;

‚ a certified implementation of relaxed slicing for the considered language extracted from the Coq formal-
ization.

Paper outline. Sec. 2 presents the principles of static backward slicing and an example of its use in a
combined V&V technique. Sec. 3 gives our motivation and illustrating examples. The considered language
and its semantics are defined in Sec. 4. Sec. 5 defines the notion of relaxed slice and establishes its main
soundness property. Next, Sec. 6 formalizes the relationship between the errors in the initial program and in
a relaxed slice, while Sec. 7 presents the reformulations of the dependence relations, proves their correctness,
and details the formalization of relaxed slicing in Coq. Finally, Sec. 8 and 9 present the related work and the
conclusion with some future work. This paper is an extended version of [LKG16] which was mainly enriched
by a presentation of the Coq development and its difficulties (in Sec. 7).

2. Static Backward Slicing and Verification

2.1. Static Backward Slicing

Let us illustrate the principles and properties of classic static backward slicing on a simple example presented
in Fig. 1. The original program, in Fig. 1a, tests if b divides a, assuming that b ą 0 and a ě 0. It can be
divided into two parts. The first one (p1, lines 1–5) performs the Euclidean division of a by b. The second
part (p2, lines 6–8) tests the value of the remainder. At the end of the first part of the program, the quotient
is stored in q and the remainder is stored in r. The quotient and the remainder are computed together by
the program, but the quotient is actually not needed to get the final result and check if b divides a. Suppose
we are interested in particular in the case where b divides a. In this case, the program assigns res to 1 at
line 8. Suppose we want to remove from the program the statements that do not impact line 8. This is the
purpose of static backward slicing [Wei81, BBD`10].

To compute the slice, we first need to select a slicing criterion. We select line 8, underlined in Fig. 1a,
as our slicing criterion. We give below the soundness property establishing the link between the semantics
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of the original program and its slice, but intuitively we want to obtain a reduced program that behaves in
the same way as the original program with respect to line 8. For that, slicing should preserve the statements
that, directly or indirectly, have an impact on the slicing criterion. This is expressed using control and data
dependencies that we define informally hereafter, and formally in Sec. 5.1.

A statement s is control-dependent on another statement s1 if s1 can decide whether s will be executed.
One classic source of control dependence is the use of conditional statements and loops. In our program,
lines 7 and 8 depend on line 6, because they are in the branches of the condition on line 6. Likewise, lines 4
and 5 are control-dependent on line 3, because they are in the loop body of the while loop at line 3. The
control dependencies involved in the computation of our slice are shown using blue dashed arrows in Fig. 1a.

A statement s is data-dependent on another statement s1 if s1 assigns a variable used by s and there exists
a symbolic path from s1 to s such that this variable is not reassigned meanwhile on this path. This corresponds
to classic def-use paths computed using a reaching definition dataflow analysis. Data dependence captures
the statements that impact the values of the variables appearing in the slicing criterion. In our example, line
6 depends both on lines 2 and 5, since r is used at line 6 and can be last assigned at line 2 (if the execution
does not enter the loop body at lines 4–5) or at line 5. Other data dependencies due to variable r include
the dependencies of line 5 on itself and on line 2, and those of line 3 on lines 2 and 5. Because of variable
q, line 4 depends on itself and on line 1. Notice that the dependency of a statement on itself cannot lead
to keeping any additional statement in the slice and can thus be ignored from our point of view. The data
dependencies involved in the computation of our slice are shown using red solid arrows in Fig. 1a.

The slice is obtained by keeping the statements on which the slicing criterion is, directly or indirectly,
control-dependent or data-dependent. In Fig. 1a, the arrows indicate the control and data dependencies that
are relevant with respect to the slicing criterion and involved in the computation of the slice. The statements
that are not preserved are lines 1, 4 and 7. They are grayed out in Fig. 1a. The resulting slice is represented
in Fig. 1b.

Classic soundness property. Most previous applications of slicing to debugging use slices in order to
better understand an already detected error, by analyzing a simpler program rather than a more complex
one [BDG`06, Sil12, Tip95]. Our goal is quite different: to perform V&V on slices in order to discover yet
unknown errors, or show their absence (cf. (RQ)). The interpretation of the absence or presence of errors in
a slice in terms of the initial program requires solid theoretical foundations. The link between the original
program and its slice is made by the soundness property relating their semantics. The classic soundness
property of slicing (cf. [BBD`10, Def. 2.5] or [RY88, Slicing Th.]) can be informally stated as follows.
Property 2.1. Let p be a program, q a slice of p w.r.t. a slicing criterion l, and let σ be an input state of p.
Suppose that p halts on σ. Then q halts on σ and the executions of p and q on σ agree after each statement
preserved in the slice on the variables that appear in this statement.1

This property actually states that the program and its slice have the same behavior not only with respect
to the slicing criterion, but also with respect to all statements preserved in the slice. For this reason, it
appears desirable to apply slicing in order to detect certain behaviors of the original program on the slices
rather than on the original program. One example is the detection of errors during V&V. The benefit of
slicing would be related to the size of the analyzed programs. Indeed, the slices are expected to be smaller
than the original program, so the analysis of slices can become less costly than for the original program.

But can the results obtained on the slices be transposed to the initial program directly? In other words,
we should answer the research questions (RQ) presented in Sec. 1. If no error is found in a slice, can we
deduce that no error occurs in the initial program, at least inside the statements in common with the slice?
And conversely, if an error is found, can we deduce that the same error occurs in the initial program?

Unfortunately, the classic soundness property cannot be used in this context. Indeed, it was originally
established for classic dependence-based slicing for programs without runtime errors and only for executions
with terminating loops: nothing is guaranteed if p does not terminate normally on σ. While recent research
efforts tackle this problem (cf. Sec. 8), none of them provide a complete formalization in the general case
with errors and non-termination. We will present in Sec. 3 an example illustrating why this property does
not hold in the presence of potential runtime errors or non-terminating loops. Let us illustrate now how
verification methods can take advantage of program slicing.

1 Formally, using the notation introduced hereafter in the paper (cf. Def. 5.8), their projections are equal: ProjLpT JpKσq “
ProjLpT JqKσq.
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Fig. 2. Overview of the sante method

2.2. The sante Method

One method applying verification on slices is the sante method [CKGJ11, CKGJ12, CCK`14] that aims at
detecting runtime errors in a given C program. It combines static analysis, program slicing and test generation
as illustrated by Fig. 2. It takes as inputs a C program p and a precondition which defines acceptable input
values of p (e.g. value ranges for input variables of p and required relationships between them).

The first step applies abstract interpretation based value analysis to produce a set of alarms A reporting
threatening statements in p for which it detects a risk of runtime error. This includes in particular the risks
of division by zero, out-of-bounds array access and some cases of invalid pointers.

The objective of the second step, based on program slicing, is to simplify the initial program before
the last step. According to the user-defined slicing option and the structure of dependencies in A, this step
determines which and how many slices should be generated and sent to dynamic analysis. Each slice contains
a subset of alarms that can be triggered.

Finally, for each slice pi, the dynamic analysis step tries to activate the potential threat for each alarm
present in pi. It is based on all-path test generation that may generate a counter-example for an alarm, i.e.
a test datum showing that the threatening statement detected by value analysis as an alarm is not safe and
really provokes a runtime error. It allows sante to produce for each alarm a diagnostic that can be safe for
a false alarm (when all paths are explored without triggering an error), bug for an effective bug (confirmed
by some input state), or unknown if it cannot be decided whether this alarm is an effective error or not. An
alarm is said to be classified if its diagnostic is bug or safe.

The sante tool relied on an implementation of slicing that was basically equivalent to the relaxed slicing
formally introduced in the present work. The soundness of this approach was understood and conjectured
by the authors of sante but was not formally proved.

First experiments with sante [CKGJ12, CCK`14] show that relaxed slicing allows the tool to reduce
the program on average by 51% (going up to 97% for some examples) before the dynamic analysis step, and
accelerates the V&V task on average by 43% compared to the approach in which the dynamic analysis is
run on the original program without slicing. Since the dynamic analysis is run on shorter programs, sante
exhibits counter-examples with shorter paths (that make it easier for the verification engineer to identify
the error). The path length in counter-examples is 24% smaller on average, and this reduction rate goes up
to 71% on some programs. In terms of results, the number of unclassified (unknown) alarms is decreased
on average by 82% in the variant of the method that creates one slice per alarm. The sante method was
illustrated in detail on an example program called eurocheck in [CKGJ11].

As shown above, sante advantageously combines slicing with other verification approaches and uses slices
to decide whether some errors can occur in the initial program. But it lacks a solid theoretical foundation to
provide a high level of trust in the obtained results. Such a theoretical foundation is provided by this paper.
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1 s1 = 0;
2 s2 = 0;
3 i = 0;
4 while (i < N){
5 assert (i < N);
6 s1 = s1 + a[i];
7 i = i + k;
8 }
9 j = 0;

10 assert (k != 0);
11 last = N/k;
12 while (j <= last ){
13 assert (k*j < N);
14 s2 = s2 + a[k*j];
15 j = j + 1;
16 }
17 assert (N != 0);
18 avg1 = s1 / N;
19 assert (N != 0);
20 avg2 = s2 / N;
21 if(avg1 == avg2)
22 print (" equal ");

1 s1 = 0;
2
3 i = 0;
4 while (i < N){
5 assert (i < N);
6 s1 = s1 + a[i];
7 i = i + k;
8 }
9

10
11
12
13
14
15
16
17 assert (N != 0);
18 avg1 = s1 / N;
19
20
21
22

1
2 s2 = 0;
3
4
5
6
7
8
9 j = 0;

10 assert (k != 0);
11 last = N/k;
12 while (j <= last ){
13 assert (k*j < N);
14 s2 = s2 + a[k*j];
15 j = j + 1;
16 }
17
18
19 assert (N != 0);
20 avg2 = s2 / N;
21
22

(a) (b) (c)
Fig. 3. (a) A program computing in two ways the average of elements of a given array a of size N whose only nonzero elements
can be at indices t0, k, 2k, . . . u, and its two slices: (b) w.r.t. line 18, and (c) w.r.t. line 20.

Initial state σ1 σ2 σ3 σ4 σ5

Inputs k “ 2
N “ 5

k “ 2
N “ 4

k “ 0
N “ 4

k “ 2
N “ 0

k “ 0
N “ 0

Example array {3,0,4,0,3} {3,0,1,0} {12,0,0,0} {} {}

A
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Fig. 4. Errors ( ), non-termination (ö) and normal termination (—) of programs of Fig. 3 for some inputs.

3. Motivation and Running Examples

Errors and assertions. First of all, let us specify what kind of errors we consider and how we model them.
We consider errors that are determined by the current program state2 including runtime errors (division by

2 Temporal errors (e.g. use-after-free in C) cannot be directly represented in this way.
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zero, out-of-bounds array access, arithmetic overflows, out-of-bounds bit shifting, etc.). Some of these errors
do not always interrupt program execution and can sometimes lead to an (even more dangerous) undefined
behavior, such as reading or writing an arbitrary memory location after an out-of-bounds array access in
C. Since we cannot take the risk to overlook some of these “silent runtime errors”, we assume that all
threatening statements are annotated with explicit assertions assert(C) placed before them, that interrupt
the execution whenever the condition C is false. A similar assumption is made in the sante method. This
assumption will be convenient for the formalization in the next sections: possible runtime errors will only
occur in assertions. Such assertions can be generated syntactically (for example, by the RTE plugin of the
Frama-C toolset [KKP`15] for C programs). For instance, line 10 in Fig. 3a prevents division by zero at
line 11, while line 13 makes explicit a potential runtime error at line 14 if the array a is known to be of size
N. In addition, the assert(C) keyword can also be used to express any additional user-defined properties on
the current state.

Illustrating examples. Let us illustrate on a few simple examples that the relationship between the
presence and the absence of errors in the original program and in the slice is not so obvious as it might
appear at first glance. Fig. 3a presents a simple (buggy) C-like program that takes as inputs an array a of
length N and an integer k (with 0 ď kď 100, 0 ď Nď 100), and computes in two different ways the average of
the elements of a. Thus, the valid indices of array a range between 0 and N-1. We suppose that all variables
and array elements are unsigned integers, and all elements of a whose index is not a multiple of k are zero,
so it suffices to sum array elements over the indices multiple of k and to divide the sum by N. The sum is
computed twice (in s1 at lines 3–8 and in s2 at lines 9–16), and the averages avg1 and avg2 are computed
(lines 17–20) and compared (lines 21–22). We assume that necessary assertions with explicit guards (at lines
5, 10, 13, 17, 19) are inserted to prevent runtime errors.

Fig. 3b shows a (classic dependence-based) slice of this program with respect to the statement at line
18. Intuitively, it contains only statements (at lines 1, 3, 4, 6, 7, 18) that can influence the slicing criterion,
i.e. the values of variables that appear at line 18 after its execution.3 In addition, we keep the assertions
to prevent potential errors in preserved statements. Similarly, Fig. 3c shows a slice with respect to line 20,
again with protecting assertions.

Fig. 4 summarizes the behavior of the three programs of Fig. 3 on some test data. The values of the
elements of a do not matter here, but concrete examples of input are given nevertheless to help understand
the example. The last line illustrates the behavior of programs (a), (b) and (c) on the test data. More
precisely, we use two icons, ö and  , to represent respectively a non-terminating loop and an error. Normal
executions are represented by a full-length arrow. For each test datum, the behavior of the three programs is
schematically described using these graphic conventions in order to facilitate the comparison between them.

Let us use the test datum σ1 to illustrate the behavior of the program. As assumed above, only those
elements of a whose indices are multiple of k “ 2 can be nonzero. Thus, instead of computing the sum of the
elements of a as a[0] + a[1] + a[2] + a[3] + a[4], we can compute it as a[0] + a[2] + a[4]. Then
the average of a can be computed by dividing this sum by the length of a (here, N “ 5). The program of
Fig. 3a computes this simplified sum in two different ways. The first loop (lines 4–8) increments the index i
by k while i is less than N. This can lead to an infinite loop if k “ 0 (cf. σ3). Line 11 tries to compute the
number of multiples of k to be considered in the second loop as N/k (which obviously fails if k “ 0, cf. σ5).
The indices used in the second loop are thus the multiples of k ranging between k * 0 and k * (N/k). For
σ1, N/k “ 5{2 “ 2, and the indices of a considered are the right ones: 0, 2 and 4. But this is not the right
number of iterations if k divides N. Indeed, in this case, the last index considered by the second loop is equal
to N that is invalid (cf. σ2). Finally, the average of a is computed on lines 18 and 20 by dividing the sums
by N. Here again, these divisions fail if N “ 0 (cf. slice (b) on input σ4).

Executing slice (b) on σ2 does not reveal any error, whereas executing program (a) on the same input
gives an error at line 13. Line 13 is not preserved in (b). This shows that a slice and the original program
can diverge due to an error triggered by a non-preserved statement. Conversely, consider the error at line
17 in slice (b) provoked by test datum σ4. Program (a) does not contain the same error: it fails earlier, at
line 13. We say that the error at line 17 in slice (b) is hidden by the error at line 13 of the initial program.
Similarly, test datum σ5 provokes an error at line 17 in slice (b) while this error is hidden by an error at

3 By formal definitions of Sec. 5, one easily checks that line 18 is data-dependent on line 6 that is in turn data-dependent on
lines 1,3,7 and control-dependent on line 4.
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line 10 in (a). In fact, the error at line 17 cannot be reproduced on the initial program, so we say that it is
totally hidden by other errors.

For slice (c), detecting an error at line 10 on test datum σ5 would allow us to observe the same error
in (a). However, while this error in slice (c) is also provoked by test datum σ3, this test datum does not
provoke any error in (a) because the loop at line 4 does not terminate. We say that this error is (partially)
hidden by a non-termination of the loop at line 4.

These examples clearly show that Property 2.1 is not true in case of the presence of errors or non-
terminating loops for classic slices. Indeed, the executions of p and q may disagree at least for two reasons:
(i) a previously executed non-terminating loop is not preserved in the slice, or
(ii) a previously executed failing statement is not preserved in the slice.

Let us consider another example related to error-free programs. If we suppose that 0 ă kď 100, 0 ă Nď
100, and replace N/k by (N-1)/k at line 11 of Fig. 3, neither slice contains any error. If we manage to verify
the absence of errors on both slices, can we be sure that the initial program is error-free as well?

Bigger slices vs. weaker soundness property. One solution (adopted by [HSD96, PC90, RAB`07],
cf. Sec. 8) proposes to ensure Property 2.1 even in the presence of errors and potentially non-terminating
loops by considering additional dependencies. This approach would basically lead to always preserving in
the slice any (potentially non-terminating) loop or error-prone statement that can be executed before the
slicing criterion. The resulting slices would be much bigger, and the benefit of performing V&V on slices
would be very limited.

For instance, to ensure that the executions of program (a) and slice (b) activated by test datum σ4 agree
on all statements of slice (b), line 13 should be preserved in slice (b). That would result (by transitivity of
dependencies) in keeping e.g. the loop at line 12 and lines 9–11 in slice (b) as well. Similarly, the loop at
line 4 should be kept in slice (c) to avoid disagreeing executions for test datum σ3. The slices can become
much bigger in this approach.

In this paper we propose relaxed slicing, an alternative approach that does not require to keep all loops
or error-prone statements that can be executed before the slicing criterion, but ensures a weaker soundness
property. We demonstrate that the new soundness property is sufficient to justify V&V on slices instead of
the initial program. In particular, we show that reasons (i) and (ii) above are the only possible reasons of a
hidden error, and investigate when the absence of errors in slices implies the absence of errors in the initial
program.

The formalization of relaxed slicing is presented in the following manner. First, we provide a paper-and-
pencil formalization of the considered language, dependence relations, relaxed slicing and its properties in
Sec. 4–6. Next we focus on the Coq formalization. Sec. 7.1 presents alternative definitions of dependence
relations as functions that appeared to be necessary to perform the formalization in Coq. Finally, we discuss
the implementation in Coq and emphasize some of its difficult points in Sec. 7.2.

4. The Considered Language and its Semantics

Language. In this study, we consider a simple WHILE language (with integer variables, fixed-size arrays,
pure expressions, conditionals, assertions and loops) that is representative for our formalization of slicing in
the presence of runtime errors and non-termination. The language is defined by the following grammar:

Prog ::“ Stmt˚

Stmt ::“ l : skip |
l : x “ e |

if pl : bq Prog else Prog |
while pl : bq Prog |
l : assert pb, l1q

where l, l1 denote labels, e an expression and b a boolean expression. A program (Prog) is a possibly empty list
of statements (Stmt). The empty list is denoted λ, and the list separator is ”;”. We intoduce the distinction
between Prog and Stmt to avoid the problems related to the associativity of ”;”. Defining programs as lists
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l3 : assert (z != 0, l1);

l2 : assert (w != 0, l);

l1 : assert ((y/z) + 1 != 0, l);

l : z = x / ((y/z) + 1) + v/w;

(a) Chained assertions

l1 : assert (k != 0, l);

while (l : j <= N/k) {

...

l2 : assert (k != 0, l); }

(b) Loop condition

Fig. 5. Two special cases of assertions

of statements allows us to consider empty programs and to manipulate statements without being hampered
by associativity of ”;” for statements. We assume that the labels of any given program are distinct, so that
a label uniquely identifies a statement. Assignments, conditions and loops have the usual semantics. As its
name suggests, skip does nothing.

The assertion assertpb, l1q stops program execution in an error state (denoted ε) if b is false, otherwise
execution continues normally. As said earlier, we assume that assertions are added to protect all threatening
statements. The label l1 allows us to associate the assertion with another statement that should be protected
by the assertion (e.g. because it could provoke a runtime error). An assertion often protects the following line
(like in Fig. 3, where the protected label is not indicated). Two simple cases however need more flexibility
(cf. Fig. 5). Some assertions have to be themselves protected by assertions when they contain a threatening
expression. Fig. 5a gives such an example where, instead of creating three assertions pointing to l, assertions
l1 and l2 point to l, and assertion l3 points to another assertion l1. Fig. 5b (inspired by the second loop
of Fig. 3) shows how assertions with explicit labels can be used to protect a loop condition from a runtime
error. The arrows in Fig. 5 indicate the protected statement.

Assertions can also be added by the user to check other properties than runtime errors. If the user does
not need to indicate the protected statement, they can choose for l1 either the label l of the assertion itself or
any label not used elsewhere in the program. User-defined assertions should also be protected against errors
by other assertions if necessary.

Semantics. Let p be a program. A program state is a mapping from variables to values. Let Σ denote
the set of all valid states, and Σε “ ΣY tεu, where ε is the error state. We consider only valid initial states.
Let σ P Σ be an initial state of p. The trajectory of the execution of p on σ, denoted T JpKσ, is the sequence
of pairs xpl1, σ1q . . . plk, σkq . . . y, where l1, . . . , lk, . . . is the sequence of labels of the executed instructions,
and σi P Σε is the state of the program after the execution of instruction li. T can be seen as a (partial)
function

T : Prog Ñ Σ Ñ SeqpLˆ Σεq
where SeqpLˆ Σεq is the set of sequences of pairs pl, σq P Lˆ Σε. Trajectories can be finite or (countably)
infinite. A finite subsequence at the beginning of a trajectory T is called a prefix of T . The empty sequence
is denoted x y.

Let ‘ be the concatenation operator over sequences. For a finite trajectory T and a state σ P Σ, let
LSσpT q be the last state of T (i.e. the state component of its last element) if T ‰ x y, and σ otherwise. The
definition of T1 ‘ T2 is standard if T1 is finite. If T1 is infinite or ends with the error state ε, then we set
T1‘T2 “ T1 for any T2 (and even if T2 is not well-defined, in other words, ‘ performs lazy evaluation of its
arguments).

We denote by E an evaluation function for expressions that is standard and not detailed here. For any
(pure) expression e and state σ P Σ, EJeKσ is the evaluation of expression e using σ to evaluate the variables
present in e. The error state is only reached through a failed assert. Thanks to the assumption that all
potentially failing statements are protected by assertions, we do not need to model errors in expressions or
other statements: errors only occur in assertions. We also suppose for simplicity that all variables appearing
in p are initialized in any initial state σ P Σ of p, which ensures the absence of expressions that cannot be
evaluated due to an uninitialized variable. These assumptions slightly simplify the presentation without loss
of generality for our purpose: loops and errors (in assertions) are present in the language.

Fig. 6 gives the inductive definition of T for any valid state σ P Σ. The definitions for a loop and a
conditional rely on the notation pv Ñ T1, T2q also defined in Fig. 6. For any state σ P Σ, variable x and value
v, σrxÐ vs denotes σ overridden by the association x ÞÑ v. Notice that in the definitions for a sequence and
a loop, it is important that ‘ does not evaluate the second parameter when the first trajectory is infinite or
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T JλKσ “ x y,

T Js; pKσ “ T JsKσ ‘ T JpKpLSσpT JsKσqq,
T Jl : skipKσ “ xpl, σqy,

T Jl : x “ eKσ “ xpl, σrxÐ EJeKσsqy,
T Jif pl : bq p else qKσ “ xpl, σqy ‘ pEJbKσ Ñ T JpKσ, T JqKσq,

T Jwhile pl : bq pKσ “ xpl, σqy ‘ pEJbKσ Ñ
T JpKσ ‘ T Jwhile pl : bq pKpLSσpT JpKσqq, x yq,

T Jl : assertpb, l1qKσ “ pEJbKσ Ñ xpl, σqy, xpl, εqyq,

where for any trajectories T , T 1 and boolean value v, we define

pv Ñ T, T 1q “

#

T if v “ True,

T 1 if v “ False.

Fig. 6. Trajectory-based semantics of the language (for a valid state σ P Σ)

ends with the error state. Indeed, the execution of the remaining part is not defined in this case. Thus ε can
appear only once at the very end of a trajectory.

We illustrate these definitions on slice (b) of Fig. 3, denoted pb. For every initial state σ of pb and
unsigned integer i, we define σi = σrs1 Ð pi ¨ ar0s modMuqs, where Mu denotes the maximal representable
value of an unsigned integer. Then the trajectory on σ3 is infinite, while the trajectory on σ5 leads to an
error:

T JpbKσ3 “ xp1, σ0
3qp3, σ0

3qp4, σ0
3qp5, σ0

3qp6, σ1
3qp7, σ1

3qp4, σ1
3qp5, σ1

3qp6, σ2
3qp7, σ2

3q . . . y,
T JpbKσ5 “ xp1, σ0

5qp3, σ0
5qp4, σ0

5qp17, εqy.

5. Relaxed Program Slicing

5.1. Control and Data Dependences

Let Lppq denote the set of labels of program p. From now on, we consider a more general slicing criterion
defined as a subset of labels L0 Ď Lppq, and construct a slice with respect to all statements whose labels
are in L0. In particular, this generalization can be very useful when one wants to perform V&V on a slice
with respect to several threatening statements (like in some strategies of the SANTE method [CKGJ12]).
In this work we focus on dependence-based slicing, where a dependence relation D Ď Lppq ˆ Lppq is used to
construct a slice. We write l D

ÝÑ
p
l1 to indicate that l1 depends on l according to D in p, i.e. pl, l1q P D. In the

remainder of this paper, as there will be no ambiguity about the program concerned, we will omit p and use
the simpler notation l

D
ÝÑ l1. The definitions of control and data dependencies, denoted respectively Dc and

Dd, are standard, and given following [BBD`10].

Definition 5.1 (Control dependence Dc). The control dependencies in p are defined by if and while
statements in p as follows:

for any statement if pl : bq q else r and l1 P Lpqq Y Lprq, we define l
Dc
ÝÝÑ l1;

for any statement while pl : bq q and l1 P Lpqq, we define l
Dc
ÝÝÑ l1.

For instance, in Fig. 3a, lines 5–7 are control-dependent on line 4, while lines 13–15 are control-dependent
on line 12.

To define data dependence, we need the notion of (finite syntactic) paths. Let us denote again by ‘ the
concatenation of paths, extend ‘ to sets of paths as the set of concatenations of their elements, and denote
by “˚” Kleene closure.

Definition 5.2 (Finite syntactic paths). The set of finite syntactic paths Pppq of a program p is inductively
defined as follows:
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PpJλKq “ tλu,
PpJs; pKq “ Ppsq ‘ Pppq,

PpJl : skipKq “ tlu,
PpJl : x “ eKq “ tlu,

PpJif pl : bq p else qKq “ tlu ‘ pPppq Y Ppqqq,
PpJwhile pl : bq pKq “ ptlu ‘ Pppqq˚ ‘ tlu,

PpJl : assertpb, l1qKq “ tlu.

For a given label l, let defplq denote the set of variables defined at l (that is, defplq “ tvu if l is an
assignment of variable v, andH otherwise), and let refplq be the set of variables referenced at l. If l designates
a conditional (or a loop) statement, refplq is the set of variables appearing in the condition; other variables
appearing in its branches (or loop body) do not belong to refplq. We denote by usedplq the set defplqY refplq.
Definition 5.3 (Data dependence Dd). Let l and l1 be labels of a program p. We say that there is a data
dependency l Dd

ÝÝÑ l1 if defplq ‰ H and defplq Ď refpl1q and there exists a path π “ π1lπ2l
1π3 P Pppq such that

for all l2 P π2, defpl2q ‰ defplq. Each πi may be empty.
For instance, in Fig. 3b, line 18 is data-dependent on line 1 (with π “ 1, 3, 4, 17, 18) and on line 6 (with

π “ 1, 3, 4, 5, 6, 7, 4, 17, 18), while line 6 is data-dependent on lines 1, 3, 6 and 7.
A slice of p is expected to be a quotient of p, that is, a well-formed program obtained from p by removing

zero, one or more statements. A quotient can be identified by the set of labels of preserved statements.
Notice that not all subsets of the labels of a program define a quotient. Indeed, when a conditional (or a
loop) statement is removed, it is removed with all statements of its both branches (or its loop body) to
preserve the structure of the initial program in the quotient. Therefore, a set of labels containing a label
inside a branch (or a loop body) without the label of the corresponding conditional (or loop) statement
cannot be the set of labels of a quotient.

The slice will be defined below as the set of labels of preserved statements. To make it well-defined, we
need to show first that such a set of labels is the set of labels of a quotient. This is the purpose of Lemma
5.1, which shows that this property holds as long as the considered dependence relation includes control
dependence, which is always the case in practice.

Given a dependence relation D and L0 a set of labels, we denote by D˚ the reflexive transitive closure of
D, and by pD˚q´1pL0q the set of all labels l1 such that there exists l P L0 with l1

D˚
ÝÝÑ l.

Lemma 5.1. Let p be a program, L0 a subset of labels of p and D a dependence relation on p satisfying
Dc Ď D. Then pD˚q´1pL0q is the set of labels of a (uniquely defined) quotient of p.
Proof. We note L “ pD˚q´1pL0q. Notice that L Ď Lppq. To show the existence of a quotient of p whose set
of labels is L, we construct such a quotient explicitly.

We define inductively the function FL over Prog as follows.
‚ For an empty program:

FLpλq “ λ

‚ For a sequence of statements:
FLps; pq “ FLpsq; FLppq

‚ For a skip statement, an assignment or an assertion s with label l:

FLpsq “
"

s if l P L
λ otherwise

‚ For an if statement:

FLpif pl : bq q else rq “
"

if pl : bq FLpqq else FLprq if l P L
λ otherwise

‚ For while statements:

FLpwhile pl : bq qq “
"

while pl : bq FLpqq if l P L
λ otherwise
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To prove that FLppq is a quotient of p containing exactly the labels of L, we first claim that:
1. for any program q, FLpqq is a quotient of q;
2. for any quotient q of p, the set of labels of FLpqq is LX Lpqq.

Claim 1 holds for any arbitrary program q, whereas Claim 2 requires the hypothesis on control dependence
(Dc Ď D), which explains why it focuses only on quotients of p. Both claims are proved by induction on q.
We detail below the proof of the claims for the case of the conditional statement (the complete proof being
available in the Coq development).

To prove Claim 1, assume that both FLpqq and FLprq are quotients of q and r respectively and let
us prove that FLpif pl : bq q else rq is a quotient of if pl : bq q else r. If l R L, we have FLpif pl :
bq q else rq “ λ which is a quotient of every program and thus a quotient of if pl : bq q else r. If l P L,
FLpif pl : bq q else rq “ if pl : bq FLpqq else FLprq. The statements removed by FL from q and r can
be removed directly from if pl : bq q else r to construct if pl : bq FLpqq else FLprq which is therefore a
quotient of if pl : bq q else r by definition.

To prove Claim 2, assume that LpFLpqqq “ Lpqq X L and LpFLprqq “ Lprq X L and let us prove that
LpFLpif pl : bq q else rqq “ Lpif pl : bq q else rq X L. By definition, Lpif pl : bq q else rq X L “

ptlu Y Lpqq Y Lprqq X L “ ptlu X Lq Y pLpqq X Lq Y pLprq X Lq. Assume first that l R L. Then we have
LpFLpif pl : bq q else rq “ Lpλq “ H. Since l R L, thanks to the hypothesis on control dependence, we can
deduce that LpqqXL “ H and LprqXL “ H. Therefore, ptluXLqYpLpqqXLqYpLprqXLq “ HYHYH “ H.
Thus, for the case l R L, we can conclude that LpFLpif pl : bq q else rqq “ Lpif pl : bq q else rq X L.
Assume now that l P L. In this case, FLpif pl : bq q else rq “ if pl : bq FLpqq else FLprq. Thus, we
have LpFLpif pl : bq q else rqq “ tlu Y LpFLpqqq Y LpFLprqq “ tlu Y pLpqq X Lq Y pLprq X Lq. And
since l P L, we have LpFLpif pl : bq q else rqq “ ptlu X Lq Y pLpqq X Lq Y pLprq X Lq, which gives
LpFLpif pl : bq q else rqq “ Lpif pl : bq q else rq X L. This concludes the proof of the claims for the
conditional case.

The end of the proof is straightforward. By Claim 1, FLppq is a quotient of p. It follows then from
Claim 2 that LpFLppqq “ Lppq X L “ L. Therefore FLppq is a quotient of p containing exactly the labels of
L “ pD˚q´1pL0q.

It allows us to define a slice as the set of statements on which the statements in L0 are (directly or
indirectly) dependent.
Definition 5.4 (Dependence-based slice). Let D be a dependence relation on p such that Dc Ď D, and L0
a set of labels. A dependence-based slice of p based on D with respect to L0 is the quotient of p whose set of
labels is pD˚q´1pL0q. A classic dependence-based slice of p with respect to L0 is based on D “ Dc YDd.

5.2. Assertion Dependence and Relaxed Slices

Soundness of classic slicing for programs without runtime errors or non-terminating loops can be expressed
by Property 2.1 in Sec. 2. As we illustrated, to generalize this property in the presence of runtime errors and
for non-terminating executions one would need to add additional dependencies and systematically preserve
in the slice all potentially erroneous or non-terminating statements executed before (a statement of) the
slicing criterion. We propose here an alternative approach, called relaxed slicing, where only one additional
dependency type is considered.
Definition 5.5 (Assertion dependence Da). For every assertion l : assert pb, l1q in p with l, l1 P Lppq, we
define an assertion dependency l Da

ÝÝÑ l1.

To illustrate the definition, we can use Fig. 5 again. The arrows illustrate the protection of a statement
by an assertion, and thus correspond to assertion dependence.
Definition 5.6 (Relaxed slice). A relaxed slice of p with respect to L0 is the quotient of p whose set of labels
is pD˚q´1pL0q, where D “ Dc YDd YDa.

For instance, in Fig. 3a, there would be an assertion dependence of each threatening statement on the
corresponding protecting assertion (written on the previous line). Therefore both slices (b) and (c) of Fig. 3
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(in which we artificially preserved assertions in Sec. 3) are in fact relaxed slices where assertions are naturally
preserved thanks to the assertion dependence.

Assertion dependence brings two benefits. First, it ensures that a potentially threatening instruction is
never kept without its protecting assertion. Second, an assertion can be preserved without its protected
statement, which is quite useful for V&V that focus on assertions. Indeed, slicing w.r.t. assertions may
produce smaller slices if we do not need the whole threatening statement. For example, a relaxed slice w.r.t.
the assertion at line 17 of the program in Fig. 3a would contain only this unique line.

Notice that a relaxed slice does not require to include potentially erroneous or non-terminating statements
that can prevent the slicing criterion from being executed (like in [HSD96, PC90, RAB`07]). For example,
slice (b) does not include the potential error at line 13, and slice (c) does not include the loop of line 4.

5.3. Soundness of Relaxed Slicing

We cannot directly compare the trajectory of the original program with a slice, since it may refer to statements
and variables not preserved in the slice. We use projections of trajectories that reduce them to selected labels
and variables.
Definition 5.7 (Projection of a state). The projection of a state σ to a set of variables V , denoted σÓV , is
the restriction of σ to V if σ ‰ ε, and ε otherwise.
Definition 5.8 (Projection of a trajectory). The projection of a one-element sequence xpl, σqy to a set of
labels L, denoted xpl, σqyÓL, is defined as follows:

xpl, σqyÓL “

"

xpl, σÓusedplqqy if l P L,
x y otherwise.

The projection of a trajectory T “ xpl1, σ1q . . . plk, σkq . . . y to L, denoted ProjLpT q, is defined element-wise:
ProjLpT q “ xpl1, σ1qyÓL ‘ . . .‘ xplk, σkqyÓL ‘ . . . .

We can now state and prove the soundness property of relaxed slices.
Theorem 5.1 (Soundness of a relaxed slice). Let L0 Ď Lppq be a slicing criterion of program p. Let q be
the relaxed slice of p with respect to L0, and L “ Lpqq the set of labels preserved in q. Then for any initial
state σ P Σ of p and finite prefix T of T JpKσ, there exists a prefix T 1 of T JqKσ, such that:

ProjLpT q “ ProjLpT
1q

Moreover, if p terminates without error on σ, T JpKσ and T JqKσ are finite, and
ProjLpT JpKσq “ ProjLpT JqKσq

Proof. Let σ P Σ, T JpKσ “ xpl1, σ1qpl2, σ2q . . . y, and T JqKσ “ xpl11, σ11qpl12, σ12q . . . y. Let T “ xpl1, σ1q . . . pli, σiqy
be a finite prefix of T JpKσ. By Def. 5.8, the projections of T JqKσ and T to L “ Lpqq have the following form

ProjLpT JqKσq “ x pl11, σ
1
1Óusedpl

1
1qqpl

1
2, σ

1
2Óusedpl

1
2qq . . . y,

ProjLpT q “ x plfp1q, σfp1qÓusedplfp1qqq . . . plfpjq, σfpjqÓusedplfpjqqq y,

where j ď i and f is a strictly increasing function.
Let us denote by k the greatest natural number such that k ď j and such that the prefix of T JqKσ of

length k exists and satisfies pProjLpT qqk “ ProjLppT JqKσqkq, where we denote by Uk the prefix of length k
for any trajectory U . Let T 1 “ xpl11, σ11q . . . pl1k, σ1kqy be the prefix pT JqKσqk. By Def. 5.8 we have

ProjLpT
1q “ x pl11, σ

1
1Óusedpl

1
1qq . . . pl

1
k, σ

1
kÓusedpl

1
kqq y.

Since pProjLpT qqk “ ProjLpT
1q, for anym “ 1, 2, . . . , k we have l1m “ lfpmq and σ1mÓusedpl1mq “ σfpmqÓusedplfpmqq.

Set σ0 “ σ10 “ σ.
Let us prove that k “ j. We reason by contradiction and assume that k ă j. By maximality of k, there

can be three different cases:
1. T JqKσ is of size k, or
2. l1k`1 exists, but l1k`1 ‰ lfpk`1q, or
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3. l1k`1 exists, l1k`1 “ lfpk`1q, but σ1k`1Óusedpl
1
k`1q ‰ σfpk`1qÓusedplfpk`1qq.

Since l1k “ lfpkq, cases 1 and 2 can be only due to a diverging evaluation of a control flow statement
(i.e. if, while or assert) situated in the execution of p between lfpkq and lfpk`1q´1. If such a statement
occurs at label l1k “ lfpkq, its condition would be evaluated identically in both executions since σ1kÓusedpl1kq “
σfpkqÓusedplfpkqq. The first non-equal label lfpk`1q cannot be part of the body of some non-preserved if
or while statement between lfpkq ` 1 and lfpk`1q´1 in p by definition of control dependence (cf. Def. 5.1).
Finally, the divergence cannot be due to an assert in p between lfpkq`1 and lfpk`1q´1 either, because a
passed assert has no effect, while a failing assert would make it impossible to reach lfpk`1q in p. Thus a
divergence leading to cases 1 and 2 is impossible.

In case 3, the key idea is to remark that σ1kÓ refpl1k`1q “ σfpk`1q´1Ó refplfpk`1qq. Indeed, assume that there
is a variable v P refpl1k`1q “ refplfpk`1qq such that σ1kpvq ‰ σfpk`1q´1pvq. The last assignment to v in the
execution of p before its usage at lfpk`1q must be preserved in q because of data dependence (cf. Def. 5.3),
so it has a label l1u “ lfpuq for some 1 ď u ď k. By definition of k, the state projections after this statement
were equal: σ1uÓusedpl1uq “ σfpuqÓusedplfpuqq, so the last values assigned to v before its usage at lfpk`1q were
equal, that contradicts the assumption σ1kpvq ‰ σfpk`1q´1pvq. This shows that all variables referenced in
lfpk`1q have the same values, so the resulting states cannot differ, and case 3 is not possible either. Therefore
k “ j, and T 1 satisfies ProjLpT q “ ProjLpT

1q.

If p terminates without error on σ, by the first part of the theorem we have a prefix T 1 of T JqKσ such
that ProjLpT JpKσq “ ProjLpT

1q. If T 1 is a strict prefix of T JqKσ, this means as before that a control flow
statement executed in p causes the divergence of the two trajectories. By hypothesis, there are no failing
assertions in the execution of p, therefore it is due to an if or a while. By the same reasoning as in cases 1,
2 above we show that its condition must be evaluated in the same way in both trajectories and cannot lead
to a divergence. Therefore, T 1 “ T JqKσ.

6. Verification on Relaxed Slices

In this section, we show how the absence and the presence of errors in relaxed slices can be soundly interpreted
in terms of the initial program.

Lemma 6.1. Let q be a relaxed slice of p and σ P Σ an initial state of p. If the preserved assertions do not
fail in the execution of q on σ, they do not fail in the execution of p on σ either.

Proof. Let us show the contrapositive. Assume that T JpKσ ends with pl, εq where l P Lpqq is a preserved
assertion. Let L “ Lpqq. From Th. 5.1 applied to T “ T JpKσ, it follows that there exists a finite prefix T 1

of T JqKσ such that ProjLpT q “ ProjLpT
1q. The last state of ProjLpT 1q is ε, therefore the last state of T 1 is ε

too. It means that ε appears in T JqKσ, and by definition of semantics (cf. Sec. 4) this is possible only if ε is
its last state. Therefore T JqKσ ends with pl, εq as well.

The following theorem and corollary immediately follow from Lemma 6.1.

Theorem 6.1. Let q be a relaxed slice of p. If all assertions contained in q never fail, then the corresponding
assertions in p never fail either.

Corollary 6.1. Let q1, . . . , qn be relaxed slices of p such that each assertion in p is preserved in at least
one of the qi. If no assertion in any qi fails, then no assertion fails in p.

The last result justifies the detection of errors in a relaxed slice.

Theorem 6.2. Let q be a relaxed slice of p and σ P Σ an initial state of p. We assume that T JqKσ ends with
an error state. Then one of the following cases holds for p:

p:q T JpKσ ends with an error at the same label, or
p::q T JpKσ ends with an error at a label not preserved in q, or
p:::q T JpKσ is infinite.
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assert pλq “ H

assert ps; pq “ assert psq Y assert ppq

assert pl : skipq “ H

assert pl : x “ eq “ H

assert pif pl : bq p else qq “ assert ppq Y assert pqq

assert pwhile pl : bq pq “ assert ppq

assert pl : assert pb, l1qq “ tpl, l1qu

Fig. 7. Definition of assert, which computes assertion dependence

Proof. Let L “ Lpqq and assume that T JqKσ ends with pl, εq for some preserved assertion at label l P L. We
reason by contradiction and assume that T JpKσ does not satisfy any of the three cases. Then two cases are
possible.

First, T JpKσ ends with pl1, εq for another preserved assertion at label l1 P L (with l1 ‰ l). Then reasoning
as in the proof of Lemma 6.1 we show that T JqKσ ends with pl1, εq as well, that contradicts l1 ‰ l.

Second, T JpKσ is finite without error. Then the second part of Th. 5.1 can be applied and thus ProjLpT JpKσq “
ProjLpT JqKσq. This is contradictory since T JqKσ contains an error (at label l P L) and T JpKσ does not.

For instance, consider the example of Fig. 3 with 0 ă k ď 100, 0 ă N ď 100. In this case we can prove
that slice (b) does not contain any error, thus we can deduce by Th. 6.1 that the assertions at lines 5 and
17 (preserved in slice (b)) never fail in the initial program either. If in addition we replace N/k by (N-1)/k
at line 11 of Fig. 3, we can show that neither of the two slices of Fig. 3 contains any error. Since these slices
cover all assertions, we can deduce by Cor. 6.1 that the initial program is error-free.

Th. 6.2 shows that despite the fact that an error detected in q does not necessary appear in p, the
detection of errors on q has a precise interpretation. It can be particularly meaningful for programs supposed
to terminate, for which a non-termination within some time τ is seen as an anomaly. In this case, detection
of errors in a slice is sound in the sense that if an error is found in q for initial state σ, there is an anomaly
(same or earlier error, or non-termination within time τ) in p whose type can be easily determined by running
p on σ.

It can be noticed that a result similar to Th. 6.2 can be established for non-termination: if T JqKσ is
infinite, then either p::q or p:::q holds for p.

In the framework of a verification method like sante, Cor. 6.1 and Th. 6.2 provide precise answers to the
research question (RQ) and indicate how to safely transpose to the initial program the verification results
obtained on the slices.

7. Coq Development

The structure of the Coq development [Léc16] basically follows the formalization of this paper. We describe
the main steps and some difficult points. First, we present the reformulated definitions of dependence relations
that we used in the Coq formalization and that appeared to be particularly helpful in the case of data
dependence. Next, we describe the language, main steps of the development and soundness results.

7.1. Reformulation of the Three Dependence Relations

The definitions of the three dependence relations given in Sec. 5.1 cannot be used directly in an algorithm.
Before presenting the Coq formalization, we introduce alternative definitions of dependence, that we will
prove equivalent to the former ones, but that will be adapted to computation.

Let us begin with the easiest function: the one computing assertion dependence, implementing Def. 5.5.
It is straightforward to write, since it only has to collect the labels from the assert statements. The function
assert : Prog Ñ 2LˆL is given in Fig. 7.

For this language, the function computing control dependence is also easy to write. It collects the labels
inside the branches of the conditions and the bodies of the loops. The difference with Def. 5.1 is that
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top labels pλq “ H

top labels ps; pq “ top labels psq Y top labels ppq

top labels pl : skipq “ tlu

top labels pl : x “ eq “ tlu

top labels pif pl : bq p else qq “ tlu

top labels pwhile pl : bq pq “ tlu

top labels pl : assert pb, l1qq “ tlu

Fig. 8. Definition of top labels, which computes the set of labels of the top-level statements

control pλq “ H

control ps; pq “ control psq Y control ppq

control pl : skipq “ H

control pl : x “ eq “ H

control pif pl : bq p else qq “ tpl, l1q | l1 P top labels ppq Y top labels pqqu Y control ppq Y control pqq

control pwhile pl : bq pq “ tpl, l1q | l1 P top labels ppqu Y control ppq

control pl : assert pb, l1qq “ H

Fig. 9. Definition of control, which computes control dependence

this function captures unitary (i.e. direct) dependencies only. It associates the label of a condition (resp. a
loop) with the labels of the top-level statements in its branches (resp. its body), and does not enter nested
conditions or loops. As the slice is computed using reflexive and transitive closures, this does not change
the final result. The function top labels : Prog Ñ L computing the labels of the top-level statements of a
program is presented in Fig. 8. It is used to define the function control : Prog Ñ 2LˆL (shown in Fig. 9)
implementing the computation of control dependence of Def. 5.1.

Contrary to the two previous functions, the computation of data dependence is not immediate. Indeed,
a difficulty arises as soon as the program contains some loop, since the definition allows to unroll loops
any (unbounded) number of times to find new data dependencies. Moreover, whereas all other definitions
are expressed in a recursive way along the structure of the programs, the definition of data dependence of
Def. 5.3 is not. It is illustrated in Fig. 10, where, considering a sequence of two programs p1 and p2, data
dependencies can come from programs p1 and p2, but also from def-use paths starting in p1 and ending in
p2.

To manipulate only recursive definitions, we introduce three functions that can be computed recursively:
mustdef, maydef and mayref.
Definition 7.1 (Auxiliary sets mustdef, maydef, mayref). Let p be a program, Id the set of identifiers in our
language, and let vars peq denote the set of identifiers occurring in expression e.

‚ The function mustdef : Prog Ñ 2Id is defined as shown in Fig. 11.
‚ The function maydef : Prog Ñ 2IdˆL is defined as shown in Fig. 12.
‚ The function mayref : Prog Ñ 2IdˆL is defined as shown in Fig. 13.

p1

p2

def-use paths inside p1

def-use paths from p1 to p2

def-use paths inside p2

Fig. 10. Possible data dependencies for a sequence of programs p1; p2
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mustdef pλq “ H

mustdef ps; pq “ mustdef psq Ymustdef ppq

mustdef pl : skipq “ H

mustdef pl : x “ eq “ txu

mustdef pif pl : bq p else qq “ mustdef ppq Xmustdef pqq

mustdef pwhile pl : bq pq “ H

mustdef pl : assert pb, l1qq “ H

Fig. 11. Definition of mustdef

maydef pλq “ H

maydef ps; pq “ tpx, lq | px, lq P maydef psq ^ x R mustdef ppqu Ymaydef ppq

maydef pl : skipq “ H

maydef pl : x “ eq “ tpx, lqu

maydef pif pl : bq p else qq “ maydef ppq Ymaydef pqq

maydef pwhile pl : bq pq “ maydef ppq

maydef pl : assert pb, l1qq “ H

Fig. 12. Definition of maydef

Intuitively, mustdef ppq is the set of variables surely defined (i.e. assigned) in p; maydef ppq is the set of
pairs px, lq where l is the label of one of possible last assignments to x in p; and mayref ppq is the set of pairs
px, lq where l is the label of one of possible statements reading x without x being previously assigned in p.
This intuition is formalized by Lemma 7.1 stated below. Notice that maydef and mayref both return sets of
pairs (variable, label), while mustdef only returns a set of variables.

We illustrate these definitions on the program of Fig. 1a. To illustrate Def. 7.1 in the case of the sequence,
we reuse the separation into p1 (lines 1–5) and p2 (lines 6–8). By applying the definitions, we have:

mustdef pp1q “ tq, ru, maydef pp1q “ tpq, 1q, pr, 2q, pq, 4q, pr, 5qu, mayref pp1q “ tpa, 2q, pb, 3q, pb, 5qu
mustdef pp2q “ tresu, maydef pp2q “ tpres, 7q, pres, 8qu, mayref pp2q “ tpr, 6qu
Functions maydef and mayref keep track, respectively, of possible prefixes and suffixes of def-use paths.

This is the meaning of the following result, whose proof can be found in the Coq development [Léc16].
Lemma 7.1 (Properties of mustdef, maydef, mayref). Let p be a program, x an identifier and l a label.
(i) x R mustdef ppq if and only if there exists a syntactic path π of p such that for all l1 P π, x R defpl1q.
(ii) px, lq P maydef ppq if and only if there exists a syntactic path π1lπ2 of p such that x P defplq and for all l1

in π2, x R defpl1q.
(iii) px, lq P mayref ppq if and only if there exists a syntactic path π1lπ2 of p such that x P refplq and for all l1

in π1, x R defpl1q.

mayref pλq “ H

mayref ps; pq “ mayref psq Y tpx, lq | px, lq P mayref ppq ^ x R mustdef psqu

mayref pl : skipq “ H

mayref pl : x “ eq “ tpy, lq | y P vars pequ

mayref pif pl : bq p else qq “ tpx, lq | x P vars pbqu Ymayref ppq Ymayref pqq

mayref pwhile pl : bq pq “ tpx, lq | x P vars pbqu Ymayref ppq

mayref pl : assert pb, l1qq “ tpx, lq | x P vars pbqu

Fig. 13. Definition of mayref
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data pλq “ H

data ps; pq “ data psq Y data ppq Y tpl1, l2q | Dx, px, l1q P maydef psq ^ px, l2q P mayref ppqu

data pl : skipq “ H

data pl : x “ eq “ H

data pif pl : bq p else qq “ data ppq Y data pqq

data pwhile pl : bq pq “ data ppq Y tpl1, l2q | Dx, px, l1q P maydef ppq ^ px, l2q P mayref pwhile pl : bq pqu
data pl : assert pb, l1qq “ H

Fig. 14. Definition of data

In our example, pr, 2q P maydef pp1q where an associated syntactic path is 1, 2 (since r R defp3q). Likewise,
pr, 5q P maydef pp1q where one associated path is 1, 2, 3, 4, 5, 3 (since r R defp3q). We also have pr, 6q P
mayref pp2q with an associated path 6, 7, but pr, 5q R refpp1q since every syntactic path begins with 1, 2 and
r P defp2q.

When reasoning recursively, maydef and mayref can be used to reconstruct complete def-use paths and
thus deduce the corresponding data dependences. For instance, considering again the example of the sequence
presented above in Fig. 10, the data dependencies coming from def-use paths starting in p1 and ending in
p2 can be obtained from maydef pp1q and mayref pp2q associating pairs with matching variables.

The complete definition of the function data : Prog Ñ 2LˆL computing the data dependencies is given
in Fig. 14. In case of loops, the data dependencies are either the data dependencies coming from inside the
body or the dependencies of the condition and of the body on the body itself. The case of the sequence of a
statement and a program can be generalized to the sequence of two programs. The corresponding equation
is:

data pp1; p2q “ data pp1q Y data pp2q Y tpl1, l2q | Dx, px, l1q P maydef pp1q ^ px, l2q P mayref pp2qu

In the example of Fig. 1a, we deduce from maydef pp1q and mayref pp2q the two dependencies (2,6) and
(5,6). Indeed, the complete def-use paths (required by Def. 5.3) correspond to the concatenations of the
paths 1, 2, 3 and 1, 2, 3, 4, 5, 3 of p1 with the path 6, 7 of p2.

Theorem 7.1 states the correctness of the assert, control and data functions with respect to Def. 5.5, 5.1
and 5.3, respectively.
Theorem 7.1 (correctness of assert, control and data). Let p be a program, and pl, l1q a pair of labels in p.
Then

‚ pl, l1q P assert ppq if and only if l Da
ÝÝÑ
p

l1,

‚ pl, l1q P control ppq if and only if l Dc
ÝÝÑ
p

l1,

‚ pl, l1q P data ppq if and only if l Dd
ÝÝÑ
p

l1.

Proof. The proof of the first two statements is straightforward and can be found in the Coq development.
We show here the last statement only.

Let us first prove the implication from left to right. Assume that pl, l1q P data ppq. We proceed by structural
induction over p.
‚ For the empty program, data pλq “ H. That contradicts the assumption, so the desired implication holds.
‚ For a sequence of statements:

data ps; pq “ data psq Y data ppq Y tpl1, l2q | Dx, px, l1q P maydef psq ^ px, l2q P mayref ppqu

It follows that either pl, l1q P data psq, or pl, l1q P data ppq, or there exists x such that px, lq P maydef psq
and px, l1q P mayref ppq. The first two cases are almost immediate by induction. Indeed, by induction
hypothesis, in this case we have l Dd

ÝÝÑ
s

l1 (resp., l Dd
ÝÝÑ
p

l1), so by Def. 5.3 there is a def-use path inside s

(resp., inside p) that we can simply complete to build a suitable def-use path of s; p. Therefore, l Dd
ÝÝÑ
s;p

l1.
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The third case corresponds to the traversing path in Fig. 10. By Lemma 7.1(ii), there exists a path π1lπ2
of s such that x P defplq and for all l2 P π2, we have x R defpl2q. By Lemma 7.1(iii), there exists a path
ρ1l

1ρ2 of p such that x P refpl1q and for all l2 P ρ1, we have x R defpl2q. If we concatenate the two paths,
we obtain π1lπ2ρ1l

1ρ2, a syntactic path of s; p, where x P defplq X refpl1q and for all l2 P π2ρ1, x R defpl
2q.

Thus l Dd
ÝÝÑ
s;p

l1 by Def. 5.3.

‚ For a skip statement, an assignment or an assertion s, data psq “ H, that contradicts the assumption.
‚ For an if statement, data pif pl2 : bq p else qq “ data ppqYdata pqq. Thus, we have either pl, l1q P data ppq

or pl, l1q P data pqq. By the induction hypothesis, we deduce either l Dd
ÝÝÑ
p

l1 or l Dd
ÝÝÑ
q

l1. In each case, by
prepending l2 to the corresponding syntactic path, we get a path of if pl2 : bq p else q showing that
l

Dd
ÝÝÝÝÝÝÝÝÝÝÑ
if pl2:bq p else q

l1.

‚ For a while statement:
data pwhile pl2 : bq pq “ data ppq Y tpl1, l2q | Dx, px, l1q P maydef ppq ^ px, l2q P mayref pwhile pl2 : bq pqu

It follows that either pl, l1q P data ppq, or there exists x such that px, lq P maydef ppq and px, l1q P

mayref pwhile pl2 : bq pq. In the first case, like in the if case, we deduce l Dd
ÝÝÑ
p

l1, and by prepending
and appending l2 to the corresponding syntactic path, we get a path of while pl2 : bq p (corresponding
to one iteration of the loop) showing that l Dd

ÝÝÝÝÝÝÝÝÑ
while pl2:bq p

l1. In the second case, by Lemma 7.1(ii), there

exists a path π1lπ2 of p such that x P defplq and for all l3 P π2, we have x R defpl3q. By Lemma 7.1(iii),
there exists a path ρ1l

1ρ2 of while pl2 : bq p such that x P refpl1q and for all l3 P ρ1, we have x R defpl3q.
If we concatenate the two paths and prepend l2 to the result, we get l2π1lπ2ρ1l

1ρ2, a syntactic path of
while pl2 : bq p, where x P defplq X refpl1q and for all l3 P π2ρ1, x R defpl

3q. Therefore l Dd
ÝÝÝÝÝÝÝÝÑ
while pl2:bq p

l1.

Let us now give a sketch of proof for the implication from right to left. This proof is more technical,
so we give here the key ideas and describe the main steps. (The detailed proof can be found in the Coq
development.) Assume that l Dd

ÝÝÑ
p

l1. By Def. 5.3, there exist a syntactic path π1lπ2l
1π3 of p and a variable

x such that x P defplq X refpl1q and for all l2 P π2, we have x R defpl2q.
To perform the proof, we need to introduce the following path-oriented versions of the functions defined

in Fig. 11, 12, 13 and 14, in which the corresponding computation is reduced to a given syntactic path. The
empty path is denoted by “.”.

mustdefpp.q “ H, mustdefppl1πq “ defpl1q Ymustdefppπq

maydefpp.q “ H, maydefppl1πq “ tpx, l1q | x P defpl1q ^ x R mustdefppπqu Ymaydefppπq

mayrefpp.q “ H, mayrefppl1πq “ tpx, l1q | x P refpl1qu Y tpx, l1q | x P mayrefppπq ^ x R mustdefp pπqu

datapp.q “ H, datappl1πq “ tpl1, l2q | Dx, x P defpl1q ^ px, l2q P mayrefppπqu Y datap pπq
Intuitively, datappπq computes the set of data dependencies that can be found along the given path π. It

is thus easily seen that for any syntactic path π of p, datappπq Ď data ppq. This fact is the key argument in
the remainder of the proof.

We therefore have datappπ1lπ2l
1π3q Ď data ppq, and we have to show that pl, l1q P data ppq. It is thus

sufficient to prove that pl, l1q P datappπ1lπ2l
1π3q. Using recursively the relations presented above, we can

deduce the following property:
datappπ1lπ2l

1π3q “ datappπ1qYdatapplπ2l
1π3qYtpl

2, l3q | Dx, px, l2q P maydefppπ1q^px, l
3q P mayrefpplπ2l

1π3qu

where datapplπ2l
1π3q “ tpl, l2q | Dy, y P defplq ^ py, l2q P mayrefppπ2l

1π3qu Y datap pπ2l
1π3q. We claim that

pl, l1q belongs to the left subset of this union, and consider y “ x. Since x P defplq holds by assumption, it
remains to show that px, l1q P mayrefppπ2l

1π3q. Using recursively the definitions, we can deduce:

mayrefppπ2l
1π3q “ mayrefppπ2q Y tpx, l

2q | px, l2q P mayrefppl
1π3q ^ x R mustdefppπ2qu.
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Inductive prog : Type :=
| P_nil : prog (* the empty program *)
| P_cons : stmt Ñ prog Ñ prog (* a statement plus a program *)

with stmt :=
| S_skip : label Ñ stmt (* skip *)
| S_ass : label Ñ id Ñ aexp Ñ stmt (* assignment *)
| S_if : label Ñ bexp Ñ prog Ñ prog Ñ stmt (* if *)
| S_while : label Ñ bexp Ñ prog Ñ stmt (* while *)
| S_assert : label Ñ bexp Ñ label Ñ stmt. (* assertion *)

Fig. 15. Language definition

We claim that the right subset contains px, l1q. To show that px, l1q P mayrefppl
1π3q, notice that, since

x P refpl1q by assumption, px, l1q P tpy, l1q | y P refpl1qu Ď mayrefppl
1π3q. Furthermore, by assumption, for all

l2 P π2, we have x R defpl2q, thus, by definition, x R mustdefppπ2q. We conclude that pl, l1q P datappπ1lπ2l
1π3q,

and therefore pl, l1q P data ppq, which ends this proof.

Theorem 7.1 shows that assert, control and data correctly implement the computation of the corresponding
dependencies. It will be used in the Coq formalization presented hereafter.

7.2. Overview of the Coq Formalization

Language. The WHILE language defined in Coq is very similar to the one given in Sec. 4, but slightly less
expressive. In particular, to fulfill the hypothesis that all potential errors are protected by assertions, possibly
erroneous elements such as division and arrays are not included in the language. In this language, assertions
are really the only sources of failures. This is the simplest language with errors and nontermination that
remains representative for our purpose.

The definition is quite standard and readable even for those who are not familiar with Coq. It is given
in Fig. 15. In this definition, id and label are basically nat, the type of natural integers, and aexp (resp.
bexp) is the type of arithmetic (resp. boolean) expressions. The definition of the language and most of the
basic notions are strongly inspired by a Coq tutorial [PCG`15].

As it can be seen in the definition, all statements are labelled, and assertions have a second label to point
to other statements. But nothing ensures here that the labels of different statements are distinct (contrary
to the paper-and-pencil formalization in Sec. 4–6, where this assumption was very convenient), and this will
require some care in the remainder of the development, since a label cannot be used to uniquely identify a
statement of the program.

Semantics. The normal states of a program are expressed as functions from identifiers to values (of type
state := id Ñ nat). A state is of type state_eps := option state, i.e. it is either None (the error state)
or Some st, where st is a normal state.

The denotational semantics is given as a recursive function
traj_prog : nat Ñ state_eps Ñ prog Ñ traj

taking as parameters a desired number of trajectory steps, an initial state and a program, and returning a fi-
nite prefix of the full trajectory of the program from this initial state (of type traj := list (label ∗ state_eps)).

A similar function
proj_traj_prog : nat Ñ state_eps Ñ prog Ñ set label Ñ partial_traj

takes as an additional parameter a set of labels and computes the projected trajectory to this set. Its return
type is partial_traj = list (label ∗ partial_state_eps), where partial_state_eps is either the error
state or a partially defined state. Note that this function cannot be implemented using traj_prog, due to
the non-unicity of labels.

Dependences. The dependence relations are defined in a similar way as in Sec. 5.
The definition of assertion dependence, shown in Fig. 16, is the simplest one. As Def. 5.5, it connects the
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Inductive rel_assert : prog Ñ relation label :=
| ADP_here : forall s p l l’, rel_assert_stmt s l l’ Ñ rel_assert (P_cons s p) l l’

(* assertion dependence from inside the first statement *)
| ADP_after : forall s p l l’, rel_assert p l l’ Ñ rel_assert (P_cons s p) l l’

(* assertion dependence from inside the remainder of the program *)
with rel_assert_stmt : stmt Ñ relation label :=

| ADS_ifb_l : forall l b p1 p2 l’ l’’, rel_assert p1 l’ l’’ Ñ rel_assert_stmt (S_if l b p1 p2) l’ l’’
(* assertion dependence from inside the then branch *)

| ADS_ifb_r : forall l b p1 p2 l’ l’’, rel_assert p2 l’ l’’ Ñ rel_assert_stmt (S_if l b p1 p2) l’ l’’
(* assertion dependence from inside the else branch *)

| ADS_while : forall l b p l’ l’’, rel_assert p l’ l’’ Ñ rel_assert_stmt (S_while l b p) l’ l’’
(* assertion dependence from inside the body *)

| ADS_assert : forall b l l’, rel_assert_stmt (S_assert l b l’) l l’.
(* an assertion of label l protecting l’ gives the dependency l Ñ l’ *)

Fig. 16. Implementation of assertion dependence in Coq (cf. Def. 5.5)

Inductive rel_control : prog Ñ relation label :=
| CDP_here : ... (* control dependence from inside the first statement *)
| CDP_after : ... (* control dependence from inside the remainder of the program *)
with rel_control_stmt : stmt Ñ relation label :=
| CDS_ifb_l : ... (* control dependence from inside the then branch *)
| CDS_ifb_r : ... (* control dependence from inside the else branch *)
| CDS_while : ... (* control dependence from inside the body *)
| CDS_ifb_cond_l : forall l l’ b p1 p2, rel_top_labels p1 l’ Ñ rel_control_stmt (S_if l b p1 p2) l l’

(* control dependencies of (a top-level statement of) the then branch on the condition *)
| CDS_ifb_cond_r : forall l l’ b p1 p2, rel_top_labels p2 l’ Ñ rel_control_stmt (S_if l b p1 p2) l l’

(* control dependencies of (a top-level statement of) the else branch on the condition *)
| CDS_while_cond : forall l l’ b p, rel_top_labels p l’ Ñ rel_control_stmt (S_while l b p) l l’.

(* control dependencies of (a top-level statement of) the body on the condition *)

Fig. 17. Implementation of control dependence in Coq (cf. Def. 5.1)

two labels of an assertion. Most of the cases (ADP_here, ADP_after, ADS_ifb_l, ADS_ifb_r, ADS_while)
explore the program recursively, while the key case, really generating dependencies, is ADS_assert.

The definition of (unitary) control dependence is given in Fig. 17 (cf. Def. 5.1). Most of the cases only
ensure the recursive descent, as in the definition of rel_assert. They are omitted in the figure. Unitary
control dependencies can arise from the then branch (CDS_ifb_cond_l) or the else branch (CDS_ifb_cond_r)
of a condition, or the body of a loop (CDS_while_cond). Relation rel_top_labels p l holds if and only if
a statement of label l is in the top-level sequence of program p, i.e. not in a nested condition or loop. This
predicate ensures that rel_control characterizes only unitary control dependencies, in the same manner as
top labels in Sec. 7.1. Again, since slicing manipulates reflexive transitive closures of dependence relations,
this will not change the slices.

Data dependence, given in Fig. 18, is defined in the same spirit as Def. 5.3. It also uses finite syntactic
paths, using two predicates is_flat_of and flat_data. The predicate is_flat p q states that q is (a
specific representation of) a syntactic path of program p, while flat_data q l l’ states that q carries the
data dependency of l’ on l. By collecting data dependencies in every syntactic path of p, we reconstruct all
the data dependencies of p.

Slice computation. As mentioned in Sec. 5.1 and commonly done in the litterature, the computation
of the slice is divided into two parts: the computation of the set of instructions that must be preserved
(commonly called the slice set) and the computation of the slice itself from the original program and the
slice set.

For the computation of the slice set, we implement the functions control, data and assert discussed in Sec.

Inductive rel_data : prog Ñ relation label :=
| DDP_flat : forall p q, is_flat_of q p Ñ forall l l’, flat_data q l l’ Ñ rel_data p l l’.

(* a data dependency along a path q of p is a data dependency in p *)

Fig. 18. Implementation of data dependences in Coq (cf. Def. 5.3)
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Fixpoint mustdef p :=
match p with
| P_nil ñH

| P_cons s q ñ mustdef_stmt s Y mustdef q
end
with mustdef_stmt s :=
match s with
| S_skip _ ñH

| S_ass _ x _ ñ {x}
| S_if _ _ p1 p2 ñ mustdef p1 X mustdef p2
| S_while _ _ _ ñH

| S_assert _ _ _ ñH

end.

Fixpoint data p :=
match p with
| P_nil ñH

| P_cons s q ñ data_stmt s Y data q Y
{ (l, l’) | D x, (x,l) P maydef_stmt s ^ (x,l’) P mayref q }

end
with data_stmt s :=

match s with
| S_skip _ ñH

| S_ass _ _ _ ñH

| S_if _ _ p1 p2 ñ data p1 Y data p2
| S_while _ _ p ñ data p Y

{ (l,l’) | D x, (x,l) P maydef p ^ (x,l’) P mayref_stmt s }
| S_assert _ _ _ ñH

end.

(a) Definition of mustdef (cf. Fig. 11) in Coq (b) Definition of data (cf. Fig. 14) in Coq

Fig. 19. Implementations of mustdef and data in Coq

7.1. data is defined in the same way, using three auxiliary functions: mustdef, maydef and mayref. control,
data and assert are used in a function denoted set_slice : prog Ñ set label Ñ set label. set_slice p L
computes the inverse image of the slicing criterion L under the reflexive transitive closure of the union of the
dependence relations.

As for the second part, the computation of the slice from the slice set, it is implemented by a function called
slice : prog Ñ set label Ñ prog. slice p L, which computes the largest quotient of p whose set of labels
is set_slice p L (due to the non-unicity of labels, a set of labels does not uniquely identify a quotient, we
therefore conservatively take the largest). It uses a function keep_L_prog : prog Ñ set label Ñ set label,
which is the equivalent in Coq of the function FL in the proof of Lemma 5.1, and which basically iterates
on the statements of the program and removes those whose labels are not to be preserved.

To illustrate the Coq definitions, we present in Fig. 19 the implementations of mustdef and data as Coq
functions mustdef : prog Ñ set id and data : prog Ñ set (label ∗ label).

Results. The main results, presented in Fig. 20, formalize in Coq the soundness of relaxed slicing (Th.
5.1). The first part of Th. 5.1 is implemented by theorem slice_proj_prefix in Fig. 20a. In this theorem,
prefix formalizes a standard notion of prefix for lists. Thus, the theorem in Fig. 20a expresses in Coq that
the projection of the trajectory of the initial program is a prefix of the projection of the trajectory of its
slice.

The second theorem (given in Fig. 20b) is more complex due to the fact that we only manipulate trajec-
tories using finite prefixes. The condition length (traj_prog N0 ste p) < N0 ensures that the execution of
p stopped before N0 steps. last_state (traj_prog N0 ste p) ste <> None expresses that the last state is
not an error. Together, those conditions characterize a normal termination for the execution of p from ste
in less than N0 steps.

From these theorems, we can prove the formalizations in Coq of the two results of Sec. 6. They can be
found in the Coq development.

8. Related Work

Weiser [Wei84] introduced the basics of intraprocedural and interprocedural static slicing. A thorough survey
provided in [Tip95] explores both static and dynamic slicing and compares the different approaches. It also
lists the application areas of program slicing. More recent surveys can be found at [BH04, Sil12, XQZ`05].
Foundations of program slicing have been studied e.g. in [Amt08, BH93, BBD`10, BDG`06, CF89, DBH`11,
HRB88, RAB`07, RY89, RY88]. This section presents a selection of works that are most closely related to
the present paper.

Debugging and dynamic slicing. Program debugging and testing are traditional application domains
of slicing (e.g. [ADS93, HHD99, Wei82]) where it can be used to better understand an already detected
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Theorem slice_proj_prefix :
forall p L n ste,
prefix (proj_traj_prog n ste p (set_slice p L))

(proj_traj_prog n ste (slice p L) (set_slice p L)).
(a) Soundness theorem in the general case

Theorem slice_proj_equal :
forall n ste p L,
length (traj_prog n ste p) < n Ñ (* the execution of p terminates in less than n steps *)
last_state (traj_prog n ste p) ste <> None Ñ (* the execution of p does not reach an error *)
length (traj_prog n ste (slice p L)) < n ^ (* the slice terminates in less then n steps *)
last_state (traj_prog n ste (slice p L)) ste <> None ^ (* the slice does not reach an error *)
proj_traj_prog n ste p (set_slice p L) =
proj_traj_prog n ste (slice p L) (set_slice p L). (* the projections of the trajectories are equal *)

(b) Soundness theorem in the case of normal termination

Fig. 20. Soundness theorem (cf. Th. 5.1) formalized in Coq

error, to prioritize test cases (e.g. in regression testing), simplify a program before testing, etc. In particular,
dynamic slicing [BDG`06] is used to simplify the program for a given (e.g. erroneous) execution. However,
theoretical foundations of applying V&V on slices instead of the initial program (like in [CKGJ12, KKPP15])
in the presence of errors and non-termination, that constitute the main purpose of this work, have been only
partially studied.

Slicing and non-terminating programs. A few works tried to propose a semantics preserved by classic
slicing even in the presence of non-termination. Among them, we can cite the lazy semantics of [CF89], and
the transfinite one of [GM03], improved by [Nes09]. Another semantics proposed in [BBD`10] has several
improvements compared to the previous ones: it is intuitive and substitutive. Despite the elegance of these
proposals, they turn out to be unsuitable for our purpose because they consider non-existing trajectories, that
are not adapted to V&V techniques, for example, based on path-oriented testing like in [CKGJ12, GTXT11].

[RAB`07] provides foundations for the slicing of modern programs, i.e. programs with exceptions and
potentially infinite loops, represented by control flow graphs (CFG) and program dependence graphs (PDG).
Their work gives two definitions of control dependence, non-termination sensitive and non-termination in-
sensitive, corresponding respectively to the weak and strong control dependences of [PC90] and further
generalized for any finite directed graph in [DBH`11]. [RAB`07] also establishes the soundness of classic
slicing with non-termination sensitive control dependence in terms of weak bisimulation, more adapted to
deal with infinite executions. Their approach requires to preserve all loops, that results in much bigger slices
than in relaxed slicing.

[Amt08] establishes a soundness property for non-termination insensitive control dependence in terms
of simulation. [BH93] describes program slicing for arbitrary control flow. [BH93] and [Amt08] state that
an execution in the initial program can be a prefix of that in a slice, without carefully formalizing runtime
errors. Our work establishes a similar property, and in addition performs a complete formalization of slicing
in the presence of errors and non-termination, explicitly formalizes errors by assertions and deduces several
results on performing V&V on slices.

Slicing in the presence of errors. [HSD96] notes that classic algorithms only preserve a lazy semantics.
To obtain correct slices with respect to a strict semantics, it proposes to preserve all potentially erroneous
statements through adding pseudo-variables in the defplq and refplq sets of all potentially erroneous statements
l. Our approach is more fine-grained in the sense that we can independently select assertions to be preserved
in the slice and to be considered by V&V on this slice. This benefit comes from our dedicated formalization
of errors with assertions and a rigorous proof of soundness using a trajectory-based semantics. In addition,
we make a formal link about the presence or the absence of errors in the program and its slices. [HD95]
uses program slicing as well as meaning-preserving transformations to analyze a property of a program
not captured by its own variables. For that, it adds variables and assignments in the same idea as our
assertions. [AH03] extends data and control dependences for Java program with exceptions. In both papers,
no formal justification is given. Another seemingly related work is [BdCHP12], which focuses on assertion-
based slicing. But in this work, the meaning of ”assertion” is quite different, since it refers to contracts of
functions. Assertion-based slicing is, in their work, another term for specification-based slicing.

Certified slicing. The ideas developed in [Amt08, RAB`07] were applied in [BMP15, Was11]. [Was11]
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builds a framework in Isabelle/HOL to formally prove a slicing defined in terms of graphs, therefore language-
independent. [BMP15] proposes an unproven but efficient slice calculator for an intermediate language of the
CompCert C compiler [Ler09], as well as a certified slice validator and a slice builder written in Coq [BC04].
The modeling of errors and the soundness of V&V on slices were not specifically addressed in these works.

To the best of our knowledge, the present work is the first complete formalization of program slicing for
structured programs in the presence of errors and non-termination. Moreover, it has been formalized in the
Coq proof assistant on a representative structured language, that provides a certified program slicer and
justifies conducting V&V on slices instead of the initial program.

9. Conclusion

In many domains, modern software has become very complex and increasingly critical. This explains both
the growing efforts on verification and validation (V&V) and, in many cases, the difficulties to analyze the
whole program. We revisit the usage of program slicing to simplify the program before V&V, and study how
it can be performed in a sound way in the presence of possible runtime errors (that we model by assertions)
and non-terminating loops. Rather than preserving more statements in a slice in order to satisfy the classic
soundness property (stating an equality of whole trajectory projections), we define smaller, relaxed slices
where only assertions are kept in addition to classic control and data dependences, and prove a weaker
soundness property (relating prefixes of trajectory projections). It allows us to formally justify V&V on
relaxed slices instead of the initial program, and to give a complete sound interpretation of the presence or
absence of errors in slices.

The present study has been formalized in Coq for a representative programming language with assertions
and loops, and the results of this paper (as well as many helpful additional lemmas on dependencies and slices)
were proved in Coq, providing a certified correct-by-construction slicer for the considered language [Léc16].
This Coq formalization represents an effort of 8 person-months of intensive Coq development resulting in
more than 10,000 lines of Coq code.

The current version of the formalization and the slicer strongly depends on the language and its structure.
Future work includes an extension to a realistic programming language, a generalization to a wider class of
errors and a certification of a complete verification technique relying on program slicing. Another research
direction is to precisely measure the reduction rate and benefits for V&V of relaxed slicing compared to
slicing approaches systematically introducing dependencies on previous loops and erroneous statements.
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